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An approximate solution is given for the heat-conduction equation for 
the temperature field under conditions of monotonic heating. The solu- 
tion is obtained by linearization according to the small parameter 
method. 

An examinat ion was  made in [1] of  the special  fea-  
tu res  of  t e m p e r a t u r e  regulat ion in a monotonica l ly  
heated (or cooled) plate with a s y m m e t r i c a l  t e m p e r a -  
tu re  field. The analys is  used a l inear  approximat ion  
to the the rmophys iea l  p a r a m e t e r s  and the heating rate  
as  a function of  t e m p e r a t u r e  within the t e m p e r a t u r e  
field of the plate.  A genera l i za t ion  of  the re la t ions  
found in [1] fo r  the case  of an u n s y m m e t r i c a l  t e m p e r a -  
tu re  field of the plate m a y  be found by s i m i l a r  means .  

The p rob lem is fo rmula ted  as  follows. An infinite 
plate is heated monotonica l ly  by a un i form heat  flux 
no rma l  to its edges .  There  a re  no in ternal  heat 
sou rces .  The t he rm ophys i c a l  p a r a m e t e r s  X and a a re  
monotonic  functions of t empera tu re ,  and the heat ing 
ra te  b (x, ~) is nea r ly  constant .  The t e m p e r a t u r e  drop 
inside the plate does not exceed seve ra l  tens  of d e -  
g rees ,  and the t e m p e r a t u r e  field obeys  an equation of  
the f o r m  

d2t dt )~" b 1 dX 
dx ~ + k~ (--d-xx ' kx= --~ --dt " (1) 

Equation (1) is nonl inear .  However,  in solving it in 
acco rdance  with the object ive descr ibed ,  it is  i m p o r -  
tant  to es tabl i sh  l imi ts  within which the t e m p e r a t u r e  
field of  the plate  obeys,  with s a t i s f ac to ry  accuracy ,  
the re la t ions  of  the r e g u l a r  r eg ime  of  the second kind. 
In o ther  words ,  it is  impor tan t  to find the condit ions 
for  which the solution of  (1) ag rees ,  to an ass igned 
accu racy ,  with the solut ion of the equation 

d2t b . . . .  , (2) 
d x  2 a 

in which the t h e r m o p h y s i c a l  p a r a m e t e r s  and the hea t -  
ing ra te  a r e  a s s u m e d  to be constant .  

The solut ion of  (2) is  gene ra l l y  known to be 

x b x~" t (x, z) = t (0, z) + #t~-t ~ -  + 2-a- (3) 

Taking the fo rego ing  into account,  an approx imate  
solution of  (1) is  feasible ,  us ing l inea r iza t ion  a c c o r d -  
ing to the ~smal l  p a r a m e t e r  n method [2]. 

As the smal l  p a r a m e t e r  we shall  choose  the drop 
in t e m p e r a t u r e  0 (x ,  T) in the p la te ,  and we shal l  r e -  
p r e sen t  X (t), a (t) and b(x, ~) as  funct ions of the f o r m  

X = %o(l+kxO), a = a 0 ( l + k ~ ) ,  b = bo( l+kb~ ), (4) 

where  the coeff ic ients  kx, k a and k b r e f e r  to to, and 
at any instant  of  t ime ~ a re  cons idered  to be indepen- 
dent of x and 0 (x, r). 

Substitution of (4) into (1) allows us to wri te  the 
l a t t e r  in the fo rm 

d~t _4_kx ( d # ) ~  b o l + k b #  
dx ~ -~x a o I i- ka # (5) 

Equation (5) may  be t r ansposed  to a f o r m  m o r e  con-  
venient  fo r  ma themat ica l  ana lys is  by in t roducing the 
l imi ts  

k ;#  ~0 .1 ,  ka# :-.~ 0.1, k0a5-{: 0.1. (6) 

The l imi ts  a re  justif ied on two cons idera t ions .  
F i rs t ly ,  if the p a r a m e t e r s  X, a, and b may  be r e p r e -  
sented in the neighborhood of t o by absolute ly  conve r -  
gent power  s e r i e s  in 0 ,  then the s m a l l e r  the c o m -  
plexes kkO , ka0 and kb0  are ,  the m o r e  valid a re  the 
re la t ions  in (4). Secondly, the g r e a t e s t  in t e res t  in 
p rac t ice ,  espec ia l ly  in making the rmophys i ca l  m e a s -  
u remen t s ,  a t taches  p r e e i s e l y  to heat ing with smal l  
in ternal  t e m p e r a t u r e  drops .  

Taking the inequal i t ies  (6) into account,  Eq. (5) may  
be replaced,  with an e r r o r  of not m o r e  than 170, by 
another  equation: 

d2~dx2 nob~ l+( lcb- -ka)6- -kx  ~0 ,-~-x . (7) 

The complex  k h (a0/b0) (dO/dx) 2 appear ing  in (7), as  
will  be shown below, is c o m m e n s u r a t e  with the c o m -  
plex k?,O, and the re fo re ,  in confo rmi ty  with (6), we 
have 

~ 

The inequal i ty  (8) in t u r n  enables  us to state tha t  
the p a r a m e t e r  Act in (7) is a co r r ec t i on ,  and in t roduces  
a negl igible  d is turb ing  influence in c o m p a r i s o n  with an 
equation of  the type of  (2) 

# ~o bo (9) 
dx 2 a o 

Because  of this  we m a y  fu r t he r  s impl i fy  and l in-  
e a r i ze  (7) by finding an approx imate  c o r r e c t i o n  Act 
f r o m  the solution of  (9) 

x b 0 
#0= #t,-t ~ + 2a--o x2, (10) 
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which may  be considered as a solution of (7) in the 
f i rs t  approximation.  

F rom the solution of (10) we have 

~-~x ! + ~%~-I ao b~ -7-x + a~b-55 x2" (11) 

After  substituting the express ions  for  0 0 and (dO 0 /  
/dx) 2 in (7), we a r r ive  at the equation 

( x bo ) b o 
d2"~ -- b~ 7' (kb--ko) 66-1-2l + ~oao x2 
dx "z a o , ao 

- k i  x 

which is a sufficiently good approximation to (7), and 
has an exaet solution. 

Integrat ion of (12) leads to the desired function for  
the t empera tu re  field of the thin plate: 

x ~ -  k~. x2 + : (13) 2l x + 2% 

-3-1 (2kxq-k'~--kb)~oo [ ~  (12--x~)x 2a ob~ ~2 1j �9 

Function 0 f rom (13) differs  f rom function 0 0 found, 
in the f i rs t  approximation f rom (11) by the correc t ion  

h~ot = I (2k~ + k a -~-ko) b~ 
: • (14) 

1 [ Ot,-z 12 x2 
] 

and may be fu r the r  abbreviated to the fo rm 

(x, x) = O ~ (x, ~) + 6 0  (x, % (15) 

The cor rec t ion  A0 de te rmines  the disturbing in- 
fluence of the p a r a m e t e r s  kx, ka and k b on the nature  
of the t empera tu re  field in the thin plate, and may  be 
used to e v a l u a t e t h e  conditions of t empera tu re  regu-  
lation under conditions of monotonic heating (or cool-  
ing). In fact, if the inequality 

AO S: 0.010 ~ (16) 

is satisfied, then the t e m p e r a t u r e  field in the plate 
obeys the re la t ions  of the regu la r  r eg ime  of the sec-  
ond kind [3, 4] with an e r r o r  not exceeding 1%. The 
inequality (16) may  otherwise  be used to es tabl ish the 
l imits  of applicabil i ty of the re la t ions of the regu la r  
reg ime of the second kind under monotonic heating 
conditions. As the re la t ive  value of A0 in function (15) 
inc reases ,  the accuracy  of the solution natural ly  fal ls .  
The t e m p e r a t u r e  field of the plate may be calculated 
with the aid of function (13), if the cor rec t ion  A0 does 
not exceed (0 .1 -0 .2 )~  ~ 

Function (13) desc r ibes  a steady quas i - r egu la r  heat -  
ing (or cooling) reg ime for  the pla te ,  To find the dura-  
tion of the initial, i r r e g u l a r  phase of the tes t  we may, 

in the f i rs t  approximation, recommend the use of ex- 
per imental  resul ts  relat ing to heating a plate by a con- 
stant heat flux [4]. 

In prac t ice  we usually require to know function (13) 
in conducting thermophysical  investigations under 
monotonic heating conditions, especial ly  in studying 
the t empera tu re  dependence a(t) of ma te r i a l s .  The 
equation for  calculating a(t) may be found f rom function 
(13), if  the t empera tu re  drops ~l and ~_l  a re  m e a -  
sured direct ly  in the experiment .  In fact, a combina- 
tion of values of 0l and ~- l  found f rom (13) leads to 
quite a convenient equation for  pract ical  purposes:  

a =  bot~ (1--Ao~), (17) 

where 
1 ( 0 i - - O _ 3  2 

Act,, = -8- k~ + 
(18) 

+ 1~- (2kx + G - -  G)(O~ + ~-3. 

According to the l imits  assumed above, function 
Ar a must  play the par t  of a correc t ion  in (17). For  
pract ical  purposes  i ts  value in (18) may be found f rom 
the approximate  relat ion 

~t + ~-t  "~ bol2/ao . (19) 

In exper iments  to determine a(t) in order  to calcu-  
late the correc t ion  Act a in addition to exper imenta l ly  
determined values of ~l, ~-l ,  and kb,  we require  to 
know tentative values of the p a r a m e t e r s  k x  and ka. 
The p a r a m e t e r  ka, in par t icular ,  may be found f rom 
an approximate  calculation of a(t) with the aid of (19). 
To calculate k x, independent measu remen t s  are  un- 
fortunately necessa ry .  

Calculation of the the rma l  diffusivity is appreciably 
simplified, naturally,  if the opt imum tes t  conditions 
a re  chosen for  which the cor rec t ion  Ar a turns out to 
be negligibly smal l .  It is  c l ea r  f rom the composit ion 
of the cor rec t ion  ACa, that to secure  opt imum tes t  
conditions, we should achieve as symmet r i ca l  heating 
conditions for  the plate as possible,  with quite smal l  
values of 0 l and ~- l .  In this way, express ion  (18) may 
be used as an initial condition in the choice of the 
opt imum construct ion of the ca lo r ime te r  equipment 
[5] intended for  measur ing  a(t). 

As a second example of application of re lat ion (13) 
found above for  0(x, T), we take the exper imenta l  
measu remen t  of X(t) of ma te r i a l s  under  conditions of 
monotonic heating of a thin plate f r o m  one side [5]. 

The methods of this s e r i e s  amount in themse lves  
to measur ing  the heat flux and t rue  t empe ra tu r e  g r a -  
dient in the so-ca l led  "bas ic"  layer  of the plate, in 
which the t rue  t e m p e r a t u r e  gradient  coincides with the 
mean gradient measured  f rom the t empe ra tu r e  drop 
at the outside edges of the plate.  In the special  case  
when the t empe ra tu r e  field of the plate obeys re la t ion 
(10) with sufficient accuracy,  the basic  l ayer  coin- : 
t ides  with the centra l  l ayer  (x = 0). In the general  
case,  however,  there  is a d isp lacement  of the basic  



JOURNAL OF ENGINEERING PHYSICS 339 

l ayer  f rom the cen t e r  to some value x 0. Dif ferent ia -  
t ion of function (13) leads to the equation 

1 ( 2 k ~ + k  _ k b )  bo ( b.  2.,.on + 0,,4 C-) 
3 " ~ a  0 ,2a-- o 2 l -  3,. - -  (20) 

__ I .  (2kx Vteo--kb) b~ ~'~,-I 12= O. 
3 2a o 21 

Analys i s  shows that in the ma jo r i t y  of p rac t i ca l  
p rob l ems  Eq. (20) admi ts  of a s impl i f ied solution, 
s ince  i t s  f i r s t  t e rm ,  conta in ing x03 and x~, is  most  of- 
t en  v e r y  sma l l  compared  to the o ther  two t e r m s .  This 
conc lus ion  is  based on the s impl i fy ing  inequal i t i es  
(6) and (16) chosen in  solving the problem,  an account  
of which the d i sp l acemen t  x 0 does not usua l ly  exceed 
the value 

x o -.~.. 0.1/. (21) 

The approximate  equat ion giving the d i sp lacement  
of the bas ic  layer ,  i f  (21) is  used,  takes  the fo rm 

(1/5) (2k~ q-- k a - -  kt, ) ('~l -}- ~}-t)(~t ,- t l21) (22) 
xo= 

(Or + ~ - l ) / 1  ~ - -  k x (Oh-d21)  2 

In the m o r e  specia l  ease ,  when the inequal i ty  

12 (23) 

is  sat isf ied,  the e x p r e s s i o n  for  x0 is  add i t iona l ly  s i m -  
plified: 

x o = --  (1/12) (2k~ + h a - -  kb) l f fh -~ .  (24) 

The t e m p e r a t u r e  of the basic  layer ,  to which the 
measu red  the rma l  conduct ivi ty  in the p rob lem exam-  
ined mus t  re la te ,  can be evaluated approx imate ly  by 
the express ion  der ived f rom (13) 

l(x 0 r):  !(0, T) OZ,_~ XO+ bo ., ' - 2t 
(25) 

NOTATION 

t = t(x, r ) )  temperature of plate; 2 l )  thickness of plate; T) time; 
x) variable coordinate reckoned from the central layer; b = dr/dr, 
k = X(t), a = a (t)) thermal conductivity and dtffusivity of plate at t; 
l~=t(x, r ) -  t(0, r); l~'l= 13-(lit); 13-_l= %'(-l i t) ;  I~ll. l = ~ l - -  
-- l~_l; k0 =X(t0), a0 =a (to) andb0 =b (to) where t0=t(0. :): 

= l d )'o ka :=  1 dao  k b  _ 1 d b  n 
. k,~, )o  d t  ' a o d t  ' b o d t  ) relative temperature 

coefficients of 2~ a, and b at to. 
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